Introduction
A Diophantine equation is a polynomial equation with integer coefficients. When we solve a Diophantine equation, we implicitly assume that we are looking for solutions among rationals or among integers or among non-negative integers or among positive integers. Most theorems in computability theory say about the non-existence of algorithms for problems concerning Diophantine equations. For example, there is no algorithm to decide whether or not a Diophantine equation has an integer solution, which was proved by Russian mathematician Yuri Matiyasevich in 1970, see [4] . In another formulation, it means that the set of Diophantine equations which are solvable in integers is not computable, although it is recursively enumerable. It is also undecidable whether a Diophantine equation has infinitely or finitely many solutions in positive integers, see [1] . The same is true when we consider integer solutions or non-negative integer solutions. Moreover, the set of Diophantine equations which have at most finitely many solutions in non-negative integers is not recursively enumerable, see [9, p. 104, Corollary 1] and [10, p. 240] .
In this article, we propose a conjecture which implies that there exists an algorithm which takes as input a Diophantine equation D(x 1 , . . . , xp) = 0 and returns a positive integer d with the following property: for every positive integers a 1 , . . . , ap, if the tuple (a 1 , . . . , ap) solely solves the equation D(x 1 , . . . , xp) = 0 in positive integers, then a 1 , . . . , ap d. Since the height of an integer tuple (c 1 , . . . , cp) is defined as max(|c 1 |, . . . , |cp|), our claim asserts that the height of the tuple (a 1 , . . . , ap) does not exceed d.
A conjecture on integer arithmetic
Let g(1) = 1, and let g(n + 1) = 2 2 g(n) for every positive integer n. Let
denote the system of equations in the variables x 1 , . . . , xn. For a positive integer n, let ξ (n) denote the smallest positive integer b such that for each system of equations S ⊆ Bn with a unique solution in positive integers x 1 , . . . , xn, this solution belongs to [1, b] n . We do not know whether or not there exists a computable function : N \ {0} → N \ {0} such that the inequality ξ (n) (n) holds for every sufficiently large positive integer n.
Proof. The flowchart in Figure 1 describes an algorithm which computes ξ (n) in the limit. Conjecture 1. If a system of equations S ⊆ Bn has exactly one solution in positive integers x 1 , . . . , xn , then x 1 , . . . , xn g(2n). In other words, ξ (n) g(2n) for every positive integer n.
Observations 1 and 2 justify Conjecture 1.
Observation 1. For every system of equations S ⊆ Bn which involves all the variables x 1 , . . . , xn, the following new system of equations
is equivalent to S. If the system of equations S has exactly one solution in positive integers x 1 , . . . , xn, then the new system of equations has exactly one solution in positive integers x 1 , . . . , xn , y 1 , . . . , yn.
Proof. It follows from Lemma 1.
Observation 2.
For every positive integer n, the following system of equations
has exactly one solution in positive integers, namely (g(1), . . . , g(n)). 
We can compute a positive integer n > p and a system of equations T ⊆ En which satisfies the following two conditions:
. . ,xp) = 0, there exists a unique tuple (x p+1 , . . . ,xn) ∈ K n−p such that the tuple (x 1 , . . . ,xp ,x p+1 , . . . ,xn) solves T.
Conditions 1 and 2 imply that for each
. . , xp) = 0 and the system of equations T have the same number of solutions in K.
Let α, β, and denote variables. Proof. The new 9 variables express the following polynomials:
zx, zx + 1, zy, zy + 1, z 2 , xy, xy + 1, z 2 (xy + 1), z 2 (xy + 1) + 1.
We can compute a positive integer n > p and a system of equations T ⊆ Bn which satisfies the following two conditions: 
Single-fold Diophantine representations
The Davis-Putnam-Robinson-Matiyasevich theorem states that every recursively enumerable set M ⊆ N n has a Diophantine representation, that is
for some polynomial W with integer coefficients, see [4] . Proof. There exists a polynomial W(x 1 , x 2 , x 3 , . . . , xr) with integer coefficients such that for each positive integers x 1 , x 2 ,
and for each positive integers x 1 , x 2 at most one tuple (x 3 , . . . , xr) of positive integers satisfies W(x 1 , x 2 , x 3 − 1, . . . , xr − 1) = 0. By Lemma 4, there exists an integer s 3 such that for every positive integers ]︀ − s − 2 0. Let Tn denote the following system of equations with n variables:
By the equivalence (E), the system of equations Tn is solvable in positive integers, 2 · [︀ n 2 ]︀ = u, n = x 1 , and f (n) = f (x 1 ) = x 2 < x 2 + 1 = y
Since Tn ⊆ Bn and Tn has at most one solution in positive integers, y ξ (n). Hence, f (n) < ξ (n). 
Fermat primes
Observation 4. Only x 1 = 1 solves the equation x 1 · x 1 = x 1 in positive integers. Only x 1 = 1 and x 2 = 2 solve the system {x 1 · x 1 = x 1 , x 1 + 1 = x 2 } in positive integers. For each integer n 3, the following system of equations
has a unique solution in positive integers, namely (︂ 1, 2, 4, 16, 256, . . . , 2 2 n−3 , 2 2 n−2 )︂ . Theorem 6. If n ∈ N \ {0} and 2 2 n + 1 is prime, then the following system of equations
has a unique solution (a1, . . . , a n+5) in non-negative integers. The numbers a 1 , . . . , a n+5 are positive and max (a1, . . . , a n+5) = a n+4 = (︁ 2 2 n − 1 )︁ 2 n + 1.
Proof. The system of equations equivalently expresses that (x 1 + 2) · x n+5 = x 2 n 1 + 1. Since
Hence, x 1 + 2 divides 2 2 n + 1. Since x 1 + 2 2 and 2 2 n + 1 is prime, we get x 1 + 2 = 2 2 n + 1 and x 1 = 2 2 n − 1. Next,
Explicitly, the whole solution is given by 
has a unique solution (a 1 , . . . , a n+9 ) in positive integers. The numbers a 1 , . . . , a n+9 satisfy:
∀i ∈ {1, . . . , n + 1} a i = (︁ 2 + 2 2 n )︁ 2 i−1 a n+2 = 1 + 2 2 n a n+3 = 2 2 n a n+4 = (︁ 1 + 2 2 n − 1 )︁ 2 n a n+5 = 1 a n+6 = 2 a n+7 = 1 + 2 2 n − 1 a n+8 = (︁ 1 + 2 2 n − 1 )︁ 2 n − 1 2 a n+9 = (︁ 1 + 2 2 n − 1 )︁ 2 n − 1
Proof. The tuple (a 1 , . . . , a n+9 ) consists of positive integers and solves the system of equations. We prove that this solution is unique in positive integers. The equations
x n+5 · x n+5 = x n+5 x n+5 + 1 = x n+6 x n+6 · x n+7 = x 1 imply that x 1 is even. The equations x n+5 · x n+5 = x n+5
x n+5 + 1 = x n+6 x n+6 · x n+8 = x n+9
x n+9 + 1 = x n+4
imply that x n+4 is odd. The equations ∀i ∈ {1, . . . , n} x i · x i = x i+1 x n+2 + 1 = x 1 x n+3 + 1 = x n+2 x n+3 · x n+4 = x n+1
imply that x 1 = x n+3 + 2 3 and x 2 n 1 = (x 1 − 2) · x n+4 . This equality and the polynomial identity Since x 1 3 and x 1 − 2 divides 2 2 n , x 1 = 2 + 2 k , where k ∈ [︀ 0, 2 n ]︀ ∩ Z. Since x n+4 is odd, the equality (L) implies that 2 2 n x 1 − 2 is odd. Hence, x 1 = 2 + 2 2 n . Consequently, x i = a i for every i ∈ {1, . . . , n + 9}. )︂ 2 n−9 holds for every sufficiently large positive integer n.
